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Replica method and supersymme-
try

example (1) random magnetic field of
[sing model

Parisi-Sourlas, dimensional reduction d —
d — 2, true to all orders, but does not work
(Imbrie)

example (2) self avoiding polygons

n — 0 limit of O(n) ¢* model, Flory’s
mean field solution, v = ﬁ, happens to be
exact at d=2, (v = 2)



Flory’s theory of polymer
F = [ @X(t)dt + g [ dtdt' 6% (x(t) — z(t'))
:C(t) ~ Y a(t) ~
F ~ t2v—1 4+ th—dV
3 3
A

2d branched polymers — d=0 Yang-Lee sin-
gularity (dimensional reduction of Parisi-Sourlas)

7y ang—Lee = /(je—;((x—xc)¢+§¢3d¢
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self-avoiding polygons (Richard, Guttmann,Jansen)
G = n;n pm,nxme_gn

m: perimeter, n: area x: fugacity g: pres-
sure

G(z,g) = 99f<<xcg; )

1 2 1 3
H py -, ¢ = — -, UV = —
3 3 2v 4
scaling function f

d
f = b()%lIlAZ (bls)

(Brydges-Imbrie,Cardy, Lawler-Shramm-Werner)
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2d multicritical self avoiding polymers (6-
point etc.)
T k+1 k1
F = [ &*(t)dt+g [ I 8z (t))—x(t))) 11 dt,
Vnean = 2]{%2/@7 V= 2(]€k121) (d=27).
remark: are these multicritical behav-
iors exact? mnot clear since k=2 does not
agree with the numerical value 8-point (1vy =

7).

1 k41 k2
k+2 k+2 7 2(k+1)




[6]
Exactness (7)for £ > 1 of Flory’s result is
due to N' = 2 supersymmetry (no correc-
tion to mean field result) (Cardy, Saleur)



example (3)

generating function for the intersection num-
bers of p-spin curves on Riemann surfaces

(d=2) is RMT with external source (d=0)
at critical point

k+2 P
YT ok 1) 2p—1y PR

This exponent v is same as multicritical
self-avoiding polygons.



Witten’s general conjecture :

The generating function of the in-
tersection numbers of p-spin curves
of moduli spaces satisfies Gelfand-
Dikii equation (p = 2 case is KdV
hierarchy).

1 . .
< Tml;jl Co Tmnajn >= ﬁ /MQJL CT<..717 T 7]71)

% 1] L)k
i eiew

with (p+1)(29—24n) = =" (pm;+j;+1).



[9]
statement :

Ul(si, -+, 8,) =< treStM .. tresnd > g
the generating function of the inter-
section numbers of p-spin curves of
moduli spaces, and it satisfies Gelfand-
Dikii equation.

(proof of Witten’s general conjecture by

RMT)
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generalized Kontsevich-Airy matrix
model

1

Z—— dBe
/ pr—H

trBP*t — tr BAY]

11 |
= /dBeXp[.ZO triAjBAp_J_lB]
]:

a’m‘7

F=3Y <1 Tmmj > I
dmj m,j mjdm]

j—p—m(p+2) m

tyj = (=p) 200 I (lp+y+1)t1"

(Adler and van Moerbeke (1992))

Amp+i+1
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[11]
replica limit k& — 0 perturbation for one
marked point: we need

%jir% < trBPt ... trBPr >

B is k x k Hermitian matrix generating func-
tion of above quantity is

%in’%) Ulsy, So, -+, 8p) =< tre®1? .. tre? >
—
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12)
Theorem:
_ A n S0
%12% Ulsy,--,Sn) = e L[ (281Hh2>\>

: e
with o =3 | s

This theorem provides explicit results of
the intersection numbers for arbitrary p and
arbitrary genus g for one marked point (one
T).
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p=3; < T(sg-3-j)/3.) 9=

3
with j =0(9g=1,4,7,...) and j =1 (g =
3,6,9,...).

p=4 <Tio>4=1= 5, < T32 >g—0=
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[14]

derivation of theorem

1
Uls) = — < tre*”

k
1 du su S L
- )\ 5N .
Uls) = ksez 227T€ (1+ u)
. ]. dU S
]1§1£>I%)U< s) = ge%f—eklog(l + )
B smh(ﬁ)

Y
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o n(n—1) > du@' s Ui
%11)% U(sy, -+, 8n) = ( 2 e j{H—Qme
n S; 1
x> log(1 + —)det
1 U; U; + 8; — U,
An SO
= ? 11[(28111}1(2)\)
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representation by dual matrix M (M
is N x N Hermitian matrix)

N-k duality formula

k N :
< H1 det()\a—M) >AM=< 'Hl det(aj—zB) >A,B
= J=

proof is easily obtained by Grassmannian
variables
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replica limit k — 0 (a; =1, A\a =)
< (det()\—M))k > A1 M=< (det(l—z’B))N >A\.B

r.h.s. in N — oo and k& — 0 limit becomes
Kontsevich model (one marked point),

7 = [dB o BB Nt BA

l.h.s.

lim 1 < 6ktrlog()\—M)

i, - >=< trlog(A—M) >4
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[18]
connection of U(s) to Kontsevich model

1o
Ua=1(s) = —/_ dhe™ < tr5()\—M) > A1

N Nsu
e 2
]{ 11— u
~ LG Ns dle—NSUQ—NSQU
Ns 20T
_ ﬁ —ﬁs 3_Ns
(NS)B/Q
by counting the normalization, it provides
1
< T3g—2 >g—

(24)9¢!
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[19]
p=3 (closing gap a, = £1)

1 w~2 . du 5\ S

Us=srls) = e ™ o

B Ly N3
— (N8)4/331/3 Z'<_4 31/33
1 1-4 1-4-7
Ai(z) = A; (O)(1—|—3|z +FZ )
2 2:5

/

8/3)
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This expansion gives the previous result (p=3):

1 T

< Tloo=3-0)/33 797 (12) g (%)
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[21]

arbitrary p (arXiv:0810.1085)

U — +
(8)= N5/ 2z
C:%Z?
p—1
< 71,0 >g:1: W
~D(p-3)1+2p) (12
s, = D=3+ 2p) T

.5l 42, G VAN
p-bl-42.3 =7

with (p+1)(29 —1)=pn+j+1
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[22]

p — —1 limit

p—1 1
STIT T
! 1
< T >g=2— —1—20, < T >g—3— _@
By,

X(Mg,1> =((1—-2g9)=—~

x(M,1) : Euler characteristics, By,: Bernoulli
number, By = % etc.
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two-point U(sy, s9) p=2:
N o (s1+s2)

€24N?2
S1 + S9

U(Sla 82) —

g O
mzom'(2m+1)

$189(81 + $92)

TR A

U<81, SQ) = 2 < Tp,0Tny0 >g W

ny,n2

ny+ng =39 — 2
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IN' 1 1 T S% . +82)>
Tone) = G Um) e et
S1.1
< Ai(w) A= ()Y
L e s 1= 1
< T0,072,0 ~g=1— 19 L0 ~9=17 15
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or 1 p=22 oy S pX_IZt F
(97500_2771,771’:077 im0 n=1Lm= n+1,m6’tnm

. /
where the metric ™™ = 0,4/ p—2.

24



2
chiral ring for primary field (g:[O]
case)
< 70,1 70,270,q3 = g=0= 56]1"‘(]2"‘%717_2

F =Y < T0T0.070.45 >9=0 to.g10.45t0.5s+O(t)
structure constant Cjjp,

OPF
0t;0t;0ty,

construction of superpotential W

Cijk = ,(ti =10-1)

25



p—1
p=4 case
1 1 1 1
F = 275%753 + 2t1t§ + 4t§t§ + 60t§

Witten, Dijkeraaf, Verlinde, Verlinde relation
Cii Crnkt = Ci.Crnji (ring structure)

ow

Gij = %ij@ (mod[W'(x)]), ¢i = — e
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conclusion

U(sy,- -+, Sy) at the critical point in the
large N limit describes the intersection num-
bers of p-spin curves of moduli space M, ,.

The reason is the replica limit for each
curves of marked points and the underly-
ing N' = 2 supersymmetry, similar to self—
avoinding polygons, equivalent to the Yang-
Lee singularity:.
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