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physical model
H=-)J;iSS;,

i<j

Jij Gaussian distributed random (here : zero mean)

(Sherrington — Kirkpatrick model : 'SK — model")
technical aspects
replicatrick —» replicated spinvariableS;", a=1,2, ..,n, n-0
Gaussian J —integral - 4 — spininteraction,
Q matrix decoupling - field (Hubbard — Stratonovich)

< Qfﬁ sy S S’ig > matrix order parameter,
local in real space, nonlocalinreplica space
Parisi' s hierarchical choiceof <Q >
exactdescription of spin glass phasein SK — model
(proof by Talagrand Ann.Math .163, 221 (2006))
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Parisi-type matrix Q

order parameters q
and
box sizes m (or a)

as variational
parameters

A

\ 4
A
v
A

ms m»o M+

(choice of parameter labels varies according to technical convenience)

v
A
v
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2RSB tree as shown

grows by adding further order
parameter levels and the
corresponding box sizes
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Extremization of the SK ground state energy
in arbitrary order of replica symmetry breaking [RSB]

1 1 :
Eom 3 Y@ =) = 7o ]2

_l (!?(]‘+1_]?fl')2

e 2 Ja+1—Ya »
dhg S (ha)'“
— 00 \/2 71'(‘](1'+l - Q('Y)

in terms of “transfer matrix’-like operator in RSB space

(]-{f”a«} lf(haf)

asymptotic scaling behaviour with RSB orders (one-dimensional)

_‘IS'I:e 2- — 3- Illlllllllllllll"zoo-l
RSB RSB RSB RSB
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free energy

1 2 _2 1 2 \ 2 2
Fo=——T&% + — B2 mi(a2-qi42) - 6F
K 4 X 4 )8 ; I(ql Qi+1 ) K
T G (GE GE \
oF, = — flog f...chosh (8d het)
mK
k+1 \ K 1 )
K+1
defs: heyr = » /00, z, + H, 69, =0y~ o1
=1
GE 00 —(hge1—ha)?

@ 20q,
f Y (h,) = f dh, Y™ (h,)
\ 27dq,

(04 — 0
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T=0 selfconsistent solutions
for

order parameters q,
box-size levels m,
(and their ratios r)



g-levels from 0-RSB to 200-RSB

0-energy:

Extremization of T

- E?.:%:% W
:.:.. A Faiiihig
- Q:s & m x_.__s %\-ﬁ h_ﬁ_: | _:

--“-----
R
e il

.:_.r.i..~...s_~_1.ﬁ
:_..:.c.“.._..._

O et

......_._................_..............._....... Aiddty

..._._._.._.._._.._._ )

Iy

................................................. Hrrsrdedl

_.”...H.*.._a S
g 10101 4

.Hﬁ%ﬁ_ ” ) ... \ __

RO ...:......"
]

FEE

)

&
!

/

EE

I :5_:_5:: i :\h
- ey .. n —
%Et:iq: i._..:ﬂ_.‘_,_\ ! \ \ \ \ _.“

-:-...--..-.-.-..ﬁ.-....n—.-_.._..._.ﬁ..‘.ﬁm.ﬁ
.-:- .-.-..-.-.-..--..--».-..-.ﬁ--..ﬁ._ﬁ._.-...n..— \\
._............_.._..........._....._........._..._..._..:..._-._..._.__“...- 111

e S tt:::: i

L)
e ...._.__.._.._.._.._.._.._.._.._.._ o ..: n.. n._

FUEI

:::.

-
......._._....,:. x..__.

FETTEifd
G _.ﬁ.........\\
ST

.......u..._:

U

iy

.......................

- )
S ...__ rY .~.

1opIo—-gSy =Y

w
\I-rn_r
5
o g
N g

T

=
o
W)
—

L

L

e

y—
o O
<
s

&



a-levels from 1-200RSB (log-log plot)
dense regime: continuous spectrum of Parisi block size ratios

below and above: origin of two discrete spectra
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Parisi box size ratios for RSB-orders 2,3,...,200

g —

s |- ) . i

04

02 —

0z o4 05 08 1

ratios plotted versus level number normalized by RSB-order within interval [0,1], hence at 1/2 for
2RSB, at 1/3 and 2/3 for 3RSB, (1/4,1/2,3/4) for 4-RSB etcetera, see also following slide
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Parisi box size ratios on |hs and rhs remain discrete in RSB limit,
continuous on top of the box
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discrete spectra of ratios plotted vs level numbers

0.8

0.6

0.4

red: CP1 thermally unstable, green:CP2, field unstable

sinple analytic forme fitting regular (Cb—like) and irregular discrete spectrum of small—a and large—a ratios resp. at T=0

ay - -
1. = —— for ag—eo (red), for a,— 0 (green)
k1

levels plotted versus level munber k

. 1 o . . o .
model function r(k)= —————= fitting k=1,2,...55 levels (large—a ratios, co—RSB (6,6)Pade—extrap olation)

| .
> — for simall—a ratios
L+ 1

model finction r(k)=
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order parameter function depending on Parisi block sizes m(T) - x

singular 1/T-normalization m(T)/T = a(T) »a reveals the low temperature limit

q(x,T)

singular

rescaling unveils nontrivial order parameter function q(a)
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order parameter function g(a) at T=0

as a fixed point function under RSB flow

q(a)
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RSB-flow towards fixed points
small-a regime

0.1 0.2 0.3 0.4 0.5
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RSB-fixed point example: large-a regime
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analytic model of the order function

1st oversimplified version:

Y model (a) = o , — da el ]
Vaz+w

not able to satisfy simultaneously all exact or numerically obtained criteria

equilibrium susceptibility :

x(T=0) = fdaaq'(a) =1

ground state energy :

Eo = fda(1 - (q(@)?) = —0.763166 ...

slopeq’'(a)ata=0: q'(0)=0.74345...

0.411 1
large — aexpansionq(a) =1 - =ik (0] (_]

d 34
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refined model with 5 fit parameters
satisfies all criteria

(@ =~ ( & ]
Amodel\Q) = \/a2+w(a)1 1| &7, a2—|—’w(a,)

a~0558, y~ 187, & ~ 141, and
w (0)

14+ca

asmallmasstermw (0) ~ 0.067, w(c0) =0, eg w(a) = 5



nontrivial structure resolved in q'(a) and q '(a)

(.5 1 1.5 Z 25 3 355
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energy density: RSB-flow and fixed point function
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analytic 1F1-model satisfies a simple 2nd order ODE as shown for the ‘'mass-free’ case w(a)=0:

lat d? 3 . d
serat@+((3-7) 5 1) apa(@)+2a0@ =0

boundary conditions g(0) = 0 and g(o0) =1

physical interpretation by means of a transformation into
Lst-order differential equations.

two auxiliary functions

p@=cap{2 [ ((3-7)§-£) da} @) = 1m0

and
2(a) = pi(a)q'(a)/q(a)

lead to the Riccati equation

1
pi(a)

2(a)® +pa(a) =0, a>0

Z'(a) +
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define a new field

oa) = = (E) e~€/15(a)

which obeys a Langevin-type relaxational equation

)
m P(a) = 56(a) ——H|[J]

Hig) = VBa (9@ + go(@®) - (- 1125+ ) #(@

1 d

¢(a) = _Ed_ﬁlog (q(a))

— interpretation of 1/a as physical pseudo-time
Ma) ~ a for a—0 #a) ~ 1/a for a»co
' 108
0.6
04
0.2
0

: O 0 1 13 2 23 3
a l/a
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finite low temperatures
and
magnetic field dependence



free energy for arbitrary RSB order (finite T, finite H)

T G
= U f 10g f, (1)
mK

_ 1 2_o 1 2 . 2 2
Fe== 3 TEX + L B ;mi(qi ~ Qiy1°) - o6F,
T G (GE GE )
5FK=—rog f...f2cosh(,8J Nesr)
mK
Kk+1 \ 1 )

k+1

GE

recursive structure: f,. 4 (h,.0) = f f,(hytq)

GE

00 =(h =)

a+1

e =% My
defs : fY(hﬂ,) = fdh(r Y mes ()

(03

k+1

Nett = Z\f 6q(y Zy 4+ H,

a=1

\/ 270q,

-0

5qu = Qo — 9o-1

YH-ro-2009—p13



Two critical points



scaling scenario of (SK)-RSB

T T

1
CP1 pseudodynamical variable — CP2

(a=oco| k=00, T=H=0) (a=0| k=00, T=H=0)
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forbidden level-crossing determines the break point
(as shown here for low T=0.03[J])

continuous nontrivial regime : plateau—range
HEeS . level crossing limit (co—RSB) : break point ]
= 0.996 A N =1 T =0.03
E 1 1=0.03
5: 0.994 n (Clr'(’éa =0.03)) |
, ~0.002
-0.004 y
f/ ~0.006
O. 92 Filr i
2| ~0.008 !
10RSB 10RSB/
10 15 20 25 30 33

0<akT)< 1T
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weak temperature dependence of the break point
extrapolates to 0.546 for T=0

discrete ratios determine all other discrete values of
the Parisi box size parameter

X Is not a continuous variable in the ,continuum limit’,
at least g=1 is realized only at a discrete set of
points below the break point!

discrete and continuous regimes are connected at the
critical points CP1 and CP2



0 order function q(a)

T

double scale representation of the order function at T=0

and discreteness of the Parisi sector (x > 0)

it v @ . @
a=co  zero temp.
CPl  break+pomt

discrete
Parisi—regime

0 ] (x=0) X=Xpp=0.546
double scale {0 < {(a)=

_ < 1, Paris1 x = 0}
l+a

(x=1)
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further discrete features of the
Infinite RSB limit
(so-called ,continuum limit’)

iInspection of the large-a expansion
by approaching the RSB Iimit



0.1}

02t

-03 ¢}

~04 |

-05¢

—01F

02t

03¢t

~04 }

-05F

. . 1 .
asymptotic q(a—co) behavior: control of —- coefficient
a2

.........................

large—a equilibrium regime

0 5 10 15 20

0.412 . : .
q(a)~1-—=— n continuous regime and breakdown for largest a
o2

25

a*(1-q(a))

large—a nonequilibrium Parisi-regime

0 250 500 750 1000 1250 1500 1750

different divergent sub-
classes of the variable a‘:

discrete Parisi-regime x>0 is
not continuous at zero
temperature and:

nonlinear effects at CP2
prevent discrete derivative to
agree with continuous regime

transition lies at
infinite a and x=0
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multivalued derivative of q(a) in the large-a limit
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1)

le(tl(ll)

transition from continuous large a regime into

discontinuous Parisi regime

1 2 : . ;
the ——coefficient of q(a)-1 in the large a regime
22

* 4
® -
-0.2 -
o g
. ]
025 o i
L e 2 : ) y 3 3

- coefficient converges towards ~—0.41 as seen from 50-200RSB .
il 3 : e : : L] 7
-0.3 in the continuous (equilibrium) regime 4 .
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—-0.35 . 4
L] .
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infinite-RSB-extrapolated slope from discrete spectra (q- and a-ratios) compared with
200-RSB order parameter function (confluent hypergeometric function model)

universal ratios in the small parameter linut

l T T T T T T T T T T T T T T T T T T T T T T T T T
q(a)

08 r i
T _
Z 06t 0.8 . ‘ . . _
s o7t
5 0.6
s 0.5} 1
5 04 |
s 0.4} :
) 0.3

I 0.2¢
0.2 F small a—ratios ay/a,.; = . i
o | e k+1 01 small —a slope ¢'(0)=0.74356
2k-1
small q—ratios qQe/qr+1 = ETE 02 0.4 06 0.8 1
0.5 | 1.5 2 2.5 3
a
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scaling theory



scaling near CP1

Parisi box sizes:

my(k.T) = a;(k,T) T = a;(k,0)T + a)(x,0)T? + O(T?)

a;(k,T) = k%3 f, (T/k™>/3)

B Col+ClLI®
1+ dy o+ do a2

faz(:r)

nonequilibrium
susceptibility: entropy:

x1(6,T) = 6753, (T/™%3)  Ss(k,T) = k193 fo(T2%/K10/3)
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scaling near CP2

Plateau height (and -width):

1 H?/3
Q@(R,H,T: O) = Efz ( ]_/H, )

free energy contribution:

FEPD (5, H) = K7 fupa(H*? /5 71)
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free energy F[g(a)] as a
functional of g(a)

contains CP1, CP2 and regular contributions

F(5,T,H) = Freg(k, H,T)+ FPY (5, T)+ F72 (, H)

FEPY(R,T) = 672 fopn (T/57°%)

FS(CPQ)(I‘C,H) _ H_Sfch(HQ/:g/ﬁ—l)



Conclusion:

RSB Is a 1D-critical T=0
fluctuation theory by Itself



new exact analytic approach

partial differential equation for the
exponential-correction function expC
becomes an unusual Burgers-type equation

however non-linearizable by the
Cole-Hopf-Fedyanin transformation



separating asymptotically simple from nontrivial
parts of the free energy

T
6FK: — flog fk’ (hK+1) with fa+1 (haf+2) = ffnf (ha’+1)
m,

Kk+1 a+1

GE G GE

h a; T
f1 (hy) = ffg (hq) = f(2 COSh(%)] = fexp( | h4 | -I-@XpCO (h1))

1 1 1

by iteration the f, — recursion can be written as a expC, — recursion

) — =+, Expc(y 1 (h(}’)

1 tha' —182.5q +4, |h1| |h]+1‘
@?XpC(r (hcy+1): _Iogﬁ e "
a(y 27r(5q”,

in the RSB limit a nonlinear PDE results for expC(a,h) within the continuum regime
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PDE for continuous equilibrium regime

0,9 (a
8, expC = — ai( )[aﬁ expC + 223 expC + (9hexpC)°?|

OnexpC(a, h)|, _o+ = —1; expC(a,o0) =0
expC(6,h) = T'log (1 + exp (—2/3h))

initial conditions

free energy at zero temperature in terms of expC
p G

FK (T = 0) = 1_ Z d, ((q(r = 1)2 = (q(r+1 - 1)2) - f(((’XpCK(h) + | h D

(}’21 h

1
— Fexact (T =0) = —Z v[w('l —-q(a)z)(fa — expC(a=0,h=0)
0

K— 0O

const
F. = Feooo + + ..., F.ooo= —0.763166726566547 ...

(k + const)®




PDE for the nontrivial correction function expC(a,h):

0, expC =

1
=3 q' () {0;expC +2 2, expC +a (3 expC)’)

transformed into diffusion equation with nonlinear gradient term

2
— 0, Y4 +6ﬁ Y +a (BhY1)2 =d
q (a)
1 2 1 2
— 0q Yy = " 0, Y2+ » a(q) (0,Y2)

whereY,(a,h)=Y,(a,h)— v (a) and y (a) = fdfaaq'(a)



KPZ — equation for interface growth in 1 + 1 dimension

A
O p=voip+ > Ox$)* + 1 (x,t) with & — correlated noise :

nxHpx,t)y=yéx-xHot-t)

derived from a random — noise driven Burgers equation
Ot U= vaiu + U oy U
which by means of u = o,y is rewritten as

1 2 2
BBl = ax[i @) +vax¢]

and linearized by a Cole Hopf (—Fedyanin) transformation

Y =2vlog ¢
becoming a diffusion equation for ¢



analogy and difference
between KPZ-eq and spin glass PDE

as KPZ-analogy the spin-glass PDE
contains a pseudotime-dependent nonlinear coupling
a time-dependent Cole-Hopf transformation
removes nonlinear gradient term
in favour of a nonlinear logarithmic potential term
hence: PDE remains nonlinear

scaling properties essentially different, since spin glass PDE is an
equilibrium equation of the RSB-limit and can be written as a noise-
free pseudo-dynamical Halperin-Hohenberg-equation
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conclusions

the RSB-limit (so-called ,continuum limit*) is not fully continuous at T=0
a nonlinear PDE exists however even at T=0

turns into 1D KPZ-like equation by adding a noise term
for nonequilibrium transition between different orders of RSB

critical magnetic field-behaviour resembles EW linear KPZ fixed point behaviour,
thermal behaviour corresponds to KPZ nontrivial fixed point (yet differs in
detail)

spin glass shows crossover from 1D-RSB double-criticality to mean-field SK
behaviour

scaling exponents shows 1D-character, resembles directed polymers, ASEP...
scale invariances as relevant symmetries of the low-T SK spin glass phase

T=0 RSB theory comparable with droplet theory as a T=0 critical phenomenon



