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1. GUE and Dyson’s
non-intersecting Brownian
motions



GUE: Hermitian matrices M € H,, with independent, identically dis-
tributed Gaussian entries

1
P(M €dM)=—— " M24M, M e H,

n

If M € H,, is chosen at random

1

P(all eigenvalues € [z1,z2]) = —
Zn

mn
/ A, )2 [[ e Md),
[z1,22]" 1



Dyson ('62): Put dynamics in the system with transition density from Mg
to Mj:

 Tr(My—cMg)? )
a?(1-c?) with ¢ := e t/a”°,

]I

1
(&
Zn(1 — C2)n2/2

P(t, Mg, M1) =




Dyson ('62): Put dynamics in the system with transition density from Mg
to Mjy:

1  Tr(My—cMg)?
e  a?(1-c?) with c:= e

]I

n? independent Ornstein-Uhlenbeck diffusions on the n? free parame-
ters M, of the Hermitian matrix M:

P(t, Mg, M) = 71 —t/a?

(1— Cz)n2/2

2
oP I /1 02 1 0
= “(146 — M, |P
ot V;<4( i ”)aMg a2 dM, ”)

]I




n? independent Ornstein-Uhlenbeck diffusions on the n2 entries M,:

]I

The eigenvalues A\ (t) < ... < Ap(t) of M evolve according to a diffusion

- with transition density p(¢, u, \), satisfying:

op 1 1
ot _ZaA a/\ o)

A2
- equilibrium measure ®(\) = £ [T1<icj<n(Ni — AD? 17 e 2,



1. Non-intersecting

Brownian motions,

leaving from a point and forced

to one or several points

Karlin-McGregor '59, Dyson '62, Ueno-Takasaki '84, P. Zinn-Justin '97,
'98, Eynard-Mehta '98, Grabiner '99, Johansson '01, Aptekarev-Bleher-
Kuijlaars '04, Tracy-Widom '03 and '05, Bleher-Kuijlaars '04, Adler-PvM
'05, Kuijlaars-Daems-Veys '05, Adler-PvM-Vanhaecke '06
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e n non-intersecting Brownian motions X1(¢),..., Xn(t) (Xl n; =n)

forced to leave from O
ni no np

forced to arrive at b := (El,bl,A...,bf,?)g,bgi..,bg, oty bp, bp,A.. ., bp)

T he probability

all z;(0) =0
p(b15---:bp) all (z1(t) <...<zp(®t)) € E|nqy pathsend up at b att=1
n .

np Paths end up at o, at t =1

has 4 very different descriptions !

Brownian motions evolves locally like

1 (z—y)?

e 2t
27t

p(t; z,y) =



Determinant of a block moment matrix

Gaussian model with external potential

Fredholm determinant

PDE for the transition probability: A near-Wronskian !



Consider now the probability, as a function of
- the boundary points of E
- the target points b;, with a linear dependence Y} ¢;b; = 0, with S5¢; =1

all z;(0) =0

0g p(b15---:bp) all (x1(t) <...<zpn(t)) € E|nqy pathsend up at by att =1
n .

np paths end up at bp at t =1

satisfies a non-linear PDE in the boundary points of the interval E and in
the target points b;(nearly a Wronskian!!)

[ Fy F», F3 ... F, 0 )\ ([ sum of
oFy O0Fy, O0OF3 ... 0Fp, G partials
det | 9°Fy 08%F, 0%F3 ... 8°F, Go | =0, 0:= < in the >
s : : s s boundary
\ OPFy OPF, OPF3 ... OPFp Gp ) | points of E

(Adler-Vanhaecke-PvM CMP '08)



where

Fy (agb) + %3) 8109 Py, + ny

O @
Gyy1 = 0Gy + Zl(aeF) 0 j] —83(- );1—] : Go=20
J

with (remember Y c;b; =0, so that Zi?:l Véb) = 0)

b) .
(9é) L= nga—b—a—be( _5€p)



What happens to this probability,
when #{particles} = n — o0?

- Airy process

- Pearcey process

- Airy process, with outliers

- Pearcey process with inliers,. ..



Define now the matrix kernels for arbitrary t1 and t»,

K(t1,z:t1,y) K(t1,2;t2,y)
K(t1,z; to,y) :=
K(tQ,CC;t]_,y) K(tzaaj;tQay)

Examples will be discussed, leading to a process P(t):

P ( ) {PUr) NE, = @}) = det (I — (xp, K (4, -5 £, -)XEj)1§z',j§m)
k=1



(i) Airy kernel = KA(t1,z;to,y)

U3
// dVdU e~ 3 TV ﬁ (V—ak+t1> (U — by, +t2>
2ri)2 ) ) (U +t2) = (V +t1) ~Cpav o

I(t1 <t2)  f5(r2-t1)>- 1)t (yte)

_ 4(tp—ty) 2
VAT (ta — t1)
(ii) Pearcey kernel = KT(tl,x' to,y)
toU2
// dVdU e 4 S+ Uy m (U —bk+t2> I < t2) 6_2((322_23
- _I_t1V2 Vap—q \V—bp+t1 \/27T(t2 — 1)
(iii) Quintic kernel = KQ(H'a: )
2US+L0U3 Uz

. //dVdU e 5
o (27m)2 —2V5430V3-Vy’



E AT )
Airy contours Pearcey contours

Quintic contours




2. The Airy process A(T1)

Non-intersecting Brownian motions leaving from O and returning to O at
t=1:

all 2;(0) =0
Pl all z;(t) e ECfor 1 <j<mn :

all 33](1) =0

Let n — o0o:

(Prahofer-Spohn '02, Johansson '03, '05, Tracy-Widom '04, Adler-PvM '05),
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Look through a microscope at the fluctuations of the paths about any
point on the curve, for very large n:

(\/% e?

2cosho’ 2cosho

) € curve: x = \/Qnt(l — 1)

New process A(7) in the neighborhood of this point (z,t) € curve :
Pick times 0< 1 <...<7m <1 and intervals Eq,..., Enm.

( )

60+Tkn_1/3 \/ _I_ \/_7’2,1/6
all x;

2 COSh(O‘ —+ Tkn_l/?’) 2 COSh(O' + Ti.M 1/3) (

\ /

lim IP’

n—oo

I D3

—: det (I — (XE KA X5 )1<m<m) : independent of o!!!

TZ]

:P(ﬁ {.A(Tk)ﬂEk:@})
k

=1



with kernel:

)2
I(r; > 7;) —gf(QijlT).) —3(1j—1)(§+E&) +i5(rj—7)3
e 1

\/47r(7'j —7;)

K (73, €575, €) = —

o—U3/3+EU 1

1
+ (QM,)Q/rdU oV VR W) — (V)




o P(supA(r) <z)=¢€" J: (a=z)g*(a)da . F(x) (Tracy-Widom distribution ¢

where g(«) is the Hastings-MaclLeod solution of Painlevé II:

oo 1. .3 - d
Jd"'=ag+293, with g(a) = A(a) = / e3™ +w‘u2—u for a 7 .
—00 T

(Airy function)

e Q(s;z,y) :=1ogP(supA(r) <z +y, supA(m) <z —y), s=
satisfies the PDE ({ , } is a Wronskian)
3 2 2 2 2
5 °Q  _ 2323—313 0<Q 0°Q n 8@@@ |
Oy2  Ox2 OxOy’ Ox2 .
(Adler-PvM, '05),

with “initial” condition: liMs—c Q(s;z,y) =10gF(x + y) + 109 F(z — y).



3. The Pearcey process (1)

—oo<b<a<

P, (all z;(t) € E°)

all z;(0) =0
=P|all z;(t) € £E°| [(1 —p)n] paths end up at by/n att =1
[pn] right paths end up at ay/n att =1

Let n — o0o:

Pastur '72, Brézin-Hikami '96-98, P. Zinn-Justin '97-98, Johansson '01,
Bleher-Kuijlaars '04, Tracy-Widom '05, Okounkov-Reshetikhin '05, Adler-
PvM 05, Adler-Orantin-PvM 08



Set b = 0:

CUsp ¢z —xg = 2 (%)3/2 at

2q — 1 1

7t0_

,
T ()

convenient parametrization:
1—p
_ = q3

p



Look through a microscope at the fluctuations of the paths about the
cusp, for very large n: (take b = 0)

t— 1o 3/2
Ccusp : :c—:z:o=2( 3 )

New process P(7) in the neighborhood of the cusp : (universality!)

2 2’7'
n1/2

lim R(@O’a\/ﬁ) (all T (to + (cop)

n—oo

EC
) € a?Onl/Q + coAT + cop 1/4>
n

= det (I — KE)E (independent of pn and a),

= p? (P(r)NE =0) (Pearcey process)

2 2
q“—q+1 atp\/qc —q+1
pt o= . cgi= V , A=./q
q q+1




with Pearcey kernel: (for 1 =11 = 1)

4 L U2
P 1 200 e_U4 + Qg —Un 1
K (7—175;7-2777) = _ﬁ/ dV . dUu V4 | V2 U—V

< JX —100 G + 12 —V¢ —

N
contour X = 0
/N
Then Q(r; E) = logP? (P(r) N E = ) satisfies (Adler-PvM '06,

Adler-Orantin-PvM '08)

83Q 0 2 2 Ql _
o3 8(8 2t§_2>8<@_§{8@’ 615}8_0'

with an “initial condition” at t = oo, given by the Airy process.(see later)



Moving out of the cusp should give a limit of Pearcey
to Airy:

For 11,15 — oo, such that

271 (app)E g

to — tq 2t1to
2(to — t1)

1
(3T1)1/3+ 3T} + (T5/3)'

the following approximation of the Airy process by the Pearcey process

holds:
2 [P(T) — £(B3T)%3 N
2
— P / N {A(t) N (=E;) = @}) (1 + 0( j 3)) . for T — oo.
\i=1 T/

Adler-PvM-Cafasso '09



3. The Airy process (™) (¢)
with m outliers, leaving from O
all ;(0) =0 )

P| all z;(t) € EC| m right paths end up ata att =1
(n—m) pathsendupatOat¢t=1

Keep m fixed and let n — oo:

(Adler, Delépine, PvM: CPAM '09.)



L

(po\/—2 1)

E=|
,, = {3*
’ > N\
7 ‘ m outlying particles
i“ } {
m—i\/2nt(1 —\) > S (po\/Q_n 1
{:, | 1+P 1+P0
<; hd ( \/ﬁ e’
< ~ \2coshag’ 2cosh 00)
Czo !




Look through the “Airy” microscope at the fluctuations of the paths
about the point on the curve, for very large n:

( o < O_O 3\
V32 o —.
(z,t) = - , - € curve for fixed ( equuvalently \
2cosho’ 2cosho <
_— 1+Po )

—— Phase transition to new process A(™)(7) : (Airy process with m
outliers)

o4rn~1/3 V2
lim PLOPovVR/2) | gy o alll 1+ auts
Br "\ 2cosh(o + ™n—1/3) 2 cosh(c + mn—1/3)

(P(A(T)ﬂEz(b):det(I—KA)E for 0<o<og

(Airy process)

point of
tangency

P(A(m)(f)ﬂE=®)=det<I—K#L>E for 0=00={

\



with (matrix Fredholm determinant)

&—€)% 1 1 3
(- : A 2 RN X Ti—T; A&+ (i —T7;
K €y &) = —— 02T et 2GR
\/47r(7'j—7'7;)
U4\
1 e~U%/34U (WT])
+ S [av [ avE .
(2mi)<Jr  Jrr e VEBRHEGY (U+1) —(V+15)
K™ (73, €5m5,€5) = Kfz(Tz',fi;Tj,fj)‘ ,
m=




T hen

Q(r, ) := log P(sup A () < z) = log det (I — K™)

(,00)

satisfies a PDE ( {f, g} is the Wronskian with regard to x.),

229 4 m (B2 200 - 269 o[ #9 29) )]

83Q OTOx2 0T0x’ Jr2 .
\ 2 a5 >
OT0x n 520 (62Q 530 183_@> n { 520 aQ(TQ)}
\ ] OT0x \ 01O H3 2 913 oTrox’ H12 pr /2 1],
1/ 83Q \°/83Q  82Q 63Q
2 X _ 4 =0, (1)
2 \ O7r0x2 or3 O10x Ox3

with “initial condition™:

im Q(r. ) ‘= log P(sup A(7) < z) = — /Oo(a _ 2)g?(a)da = F(z).

T——0C €T

Remember m is the number of outliers!



When m — oo, the m-Airy process tends to the
Pearcey process:

m-Airy equation
( Yy €4 ){m=2_12, :1;=—%2_8—|—%z_2—|—yz,7'=%z_4+%22t}

8 []8%Qr 83Qr 1 8 s 1( .5 o . 0QF
= “ e —2t— -2 — = —
220 ({ oy3 = ot3 T (gE ot )aE@ 2% %y, 9,

+0(53)

Adler-Cafasso-PvM 09



4. The Airy process 4(")(¢) with m
vanderers leaving from distinct pts

Consider n 4+ m non-intersecting Brownian motions

Tygn(t) < ... <z1(t) with =1 <t <1inR

and points am <...<aq and by, < ... < by on R.
z;(—1) = a;

a:z(l)sz for 1 <i:<m

Tyt (£1) = ... =2 (£1) =0



4. The Airy process 4(")(¢) with m
vanderers leaving from distinct pts

Consider n 4+ m non-intersecting Brownian motions

Tpgn(t) < ... <z1(t) with -1 <t<1inR

and points am <...<aq and by, < ... < by on R.

z;(—1) = a; = V2n (1 + %)
a:i(l):biZ\/Qn(l—%), forl1 <:<m

wm_|_1(:|:1) — ... = xm—kn(:l:l) =0
with

~
~

am < ...<a; <by <...<bmn



bz' — \/%(1 —I— '63:7?,—"1/3)

t=-—1

a; = V2n(1 4+ a;n1/3)



g — :I:\/2n(1 -

;

— s
/ q\; ‘-} i
) i;}




Look through the “Airy” microscope at the fluctuations of the paths
about the point (z,t) = (v/2n,0) on the curve z = \/Qn(l — t2), for very

large n: New Airy process with m-outliers Aﬁ,‘f’b)(f) ;

Pick times 71, m,...,7 and intervals Fq,...,E, C R. Then,

; 2
n“—>moopab ( ﬂ {all LEZ( 1/3) c \/— \Fnl/6}>

k=1
14

= det(I — x,K&bx,) =: P ( N {Agf}@(fk) NE, = @})
k=1

with (matrix Fredholm determinant) (all @, < all by)

(7 >7)  ~4t Q% () )+ ()

K&0(ry, €557, €5) = —\/47r(7'- -
7

U3, m V—ig+m | (U=bet
e 3 T5U [Tr=1 (U—Zik+rj) (V_Ek-|—7-i

ey U+7)—(V+m)

1
+ v [ av
(2me)< JT r

Adler, Ferrari, PvM '08

(&



where I‘a_Tj> and I' _;__ denote the contours below.

1

Uecl Ver!
w/3
aj — T b — 71
@ &

(holds also in the case that all @ =...=a1 <by=...=bn).

- Kernel also found by Borodin-Péché '08 in the context of a directed
percolation model



5. Limit to the Pearcey process

Airy process Ar,(g’b)(t), with m-outliers, obtained by letting n — oo,

~

a=@(1+i> and b=\/%<1—L>, witha<bd (2)

n1/3 n1/3

Further rescaling, and then letting m — oco:

N

=am1/3,B=Bm1/3, T=Tm1/3, §=Xm2/3

Remember the fluctuations near (z,t) = (v2n,0) for m finite:

(2-€1)° 1 1 .
. I(mj > 7)) —atay 50— (+E) +15(m—m)
Kﬁgb(n,giﬁj,gj) = — (7 i) e A=T)  2h J 12\7j

\/47T(7'j — 7;)
V—ap+7;\ (U—=bp+T;
+ : / / av e /34GU = (U_ak‘Hj) (V—Bk-l'%')
(27‘("1:)2 ra_Tj> <b_ : e_v3/3+£zv (U —|— T]) — (V _I_ ’7'7;)



A

b
s — 1
\\ e
7 s L= %
1 { {7 \3
/5 | <2
E:} s
= | .
z = +4/2n(1 — 42) {;b 2
=l 3'
i s
15 = s

m outliers: @ = am!'/3, b= pgm!/3, space-time 7 = Tum!/3, ¢= xm?/3

with m — oo

(location of tip of cusp in next slide)



r=Tyiml/3, &= Xm2/3 : location of tips of cusps

Adler, Ferrari, PvM '08



Airy process Ag}’b)(t), with m-outliers, obtained by letting n — oo,

~ '6 _
a=\/2n<1—|—i> and b=\/2n<1—1—/3>, with a < b
n

1/3

Further rescaling, and then letting m — oo:

&zam1/3, 5=ﬁm1/3, 7'=Tm1/3, £=Xm2/3, with a < g



Airy process .Aq(g’b)(t), with m-outliers, obtained by letting n — oo,

a b L.
a:in(l—I—m) and b= V2n<1—m>, with a < b
Further rescaling, and then letting m — oo:

&=am1/3,5=ﬁm1/3, 7'=Tm1/3, §=Xm2/3, with a <

Then, given a < 8, the equations,

( 4043
— o=
g 2 —x

| 40%2% — 22 4 3 = 0, (elliptic curve)



Airy process Af,%i’b)(t), with m-outliers, obtained by letting n — oo,

~ '6 _
a=\/2n<1—|—i> and b=\/2n(1—1—/3>, with a < b
n

1/3

Further rescaling, and then letting m — oo:
Zizozml/3, 5=ﬁm1/3, 7'=Tm1/3, €=Xm2/3, with a < g
Then, given a < 3, the equations,

( 4043
— o=
g 2 —x

45524 — 22 4+ 3 = 0, (elliptic curve)

\

have a
unique solution = (z,04) € ((5,2) X (—%,O)) (opening cusp: (X,71))
unique solution = (x,0_) € ((%,2) X (O,%)) (closing cusp: (X,7-)).

Two (id.) Pearcey processes P(6) about two cusps, (T- < O‘Tw <T4)

a+ B8 204
2 2 — g’

T~ Teml/3, ¢~ Xm?2/3, with Ty := X = o03(1-22),



6. Limit to a new process oft)



q Jf
o
o
53 Pra( ess
15
~ ==
C:\}
E :ii}'
ey

h= 3o M= Do

N b il

Letting the two Pearcey cusps approach each other:

Quintic kernel = K2(0; vy, v5)

_ (QM)Q//dVdU e

e b

—2US+30U3-Uv,

2V54+10V3—Vuy



)2
I(7; > ;) —84%;17).) —5(1j—7) (&+&) +15(rj—7:)3
e 1

\/47T(7'j —7;)

K& (ry, €575, €5) = —

V_a+tr\" (U=b+m\"
U / dV /3 (m) (V—Hé)
- e—V3/3+&V (U+7)—-(V+m1)

+ (2;’)2 /r

for a<bd

a—T;> <b—;

e Analytically continue this kernel, by letting @ and b move around in the
complex plane, such that b < a.

e ObDbtain the quintic kernel, by taking limit m — oo.
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Thank youl



