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Outline

◮ averages in random matrix theory, determinantal point processes, mathematical
physics, ...

◮ identification with integrable equations,

◮ characterisations of the solutions by ODE’s, recurrences, ...

◮ solutions as non-linear generalisations of hypergeometric and basic
hypergeometric functions,

◮ examples of classical and separatrix solutions to Painlevé systems,

◮ natural probabilistic setting of orthogonal, bi-orthogonal polynomial systems, ...

◮ regular semi-classical weights and the monodromy preserving property,

◮ the Askey Table,

◮ special non-uniform lattices and divided difference calculus,

◮ analogs of Painlevé equations
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Unitary Group Averages

Formal weight w(z) and its Fourier coefficients {wk}k∈Z

w(z) =
∞
X

k=−∞
wkzk , wk =

Z

T

dζ

2πiζ
w(ζ)ζ−k ,

Average over the unitary group U(n) with respect to the Haar measure

D

n
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w(zl )
E

U(n)
=
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(2π)nn!

Z π

−π
dθ1 · · ·

Z π

−π
dθn

n
Y

l=1

w(e iθl )
Y

1≤j<k≤n

|e iθj − e iθk |2

= det[wi−j ]i,j=0,...,n−1 =: In[w ]

First non-trivial case - M = 3

w(z) = z−iω2 |1 + z |2ω1 |1 + tz |2µ

(

1 θ ∈ (−π, π − φ]

1 − ξ θ ∈ (π − φ, π]

deformation variable, t = e iφ, complex parameters, µ, ω1, ω2, ξ
In[w ] is a classical τ -function of the sixth Painlevé system [Forrester+W 2004]



Examples from Physics

µ ω1 ω2 ξ t Interpretation

0 0 0 ξ e iφ

Probability of exactly k eigenval-
ues of a random n × n unitary
matrix with their phases in the
sector (π − φ, π]

σ
2

σ
2 0 0 t = |z |2

2σ-th Moment of the character-
istic polynomial | det(U + z)|2σ

of a random n×n unitary matrix

1
4

1
4 ± i

2 0 t∓1 = sinh2(2K1) sinh2(2K2)
Diagonal spin-spin correlation
〈σ0,0σn,n〉 of anisotropic square
lattice Ising model

1
2 0 0 2 e iφ

Density matrix ρn+1(φ) of
the homogeneous impenetra-
ble Bose gas under periodic
boundary conditions



Spectral Averages for β = 2 rank N Ensembles
Absolutely continuous weight w(λ) with support I
Generalised Spectral Average

ẼN (J; µ; ξ) =
1

CN

N
Y

j=1

„Z

I
−ξ

Z

J

«

dλjw(λj )(s − λj )
µ

Y

1≤j<k≤N

(λj − λk )2

s ∈ ∂J, J ⊂ I
Interpretations

(−1)n

n!

∂n

∂ξn
ẼN(J; µ = 0; ξ)

˛

˛

˛

˛

ξ=1

= P(♯{λj ∈ J} = n)

ẼN (J; . . . ;µ = 0; ξ) = det(I − ξ K|J)

ẼN (J; µ; ξ)
˛

˛

˛

ξ=0
= E([det(sI − X )]µ)

K integral operator with kernel

K(x , y) =
aN−1

aN
[w(x)w(y)]1/2 pN (x)pN−1(y) − pN−1(x)pN (y)

x − y

orthogonal polynomial system {pn(x)}∞n=0 wrt w(x)
E.g. Gaussian Unitary Ensemble (GUE) corresponds to

w(λ) = e−λ2
, I = (−∞,∞), J = (s,∞)

ẼN (J; µ; ξ) is a classical PIV τ -function [Forrester+W. 2001]



Nonlinear Differential Equations
Application of random matrix theory to the study of moments of the derivative of the
Riemann zeta-function [Conrey, Rubinstein and Snaith 2005] utilising the association
with the derivatives of characteristic polynomials for random unitary matrices. With U
a Haar distributed element of the unitary group U(N), and e iθ1 , . . . , e iθN its
eigenvalues, let

ΛA(s) =
N
Y

j=1

(1 − se−iθj )

Asymptotic expressions

〈|Λ′
A(1)|2k 〉A∈U(N) ∼

N→∞
bkNk2+2k

Identification with a particular hard edge gap probability

bk =
(−1)k

k!
Qk

j=1
(k+j−1)!

j!

k
X

h=0

“k

h

”

(k + h)![xk+h]Ẽhard
2 (4x ; k, k; ξ = 1)

with

Ẽhard
2 (4x ; k, k; ξ = 1) = exp

„

−

Z 4x

0

ds

s
(σIII′(s) + k2)

«

where σIII′ (s) satisfies the particular σ-Painlevé III′ equation

(sσ′′
III′

)2 + σ′
III′

(4σ′
III′

− 1)(σIII′ − sσ′
III′

) −
k2

16
= 0

subject to the boundary condition

σIII′(s) ∼
s→0

−k2 +
s

8
+ O(s2), k ∈ N



Recurrences in Matrix Rank
Average of the 2µ-th power, or equivalently the 2µ-th moment, of the absolute value
of the characteristic polynomial for the CUE U ∈ U(N) of rank N

FCUE

N (u; µ) :=
D

N
Y

l=1

|u + zl |
2µ
E

CUEN

General moments are given by the system of recurrences

FCUE

N+1 FCUE

N−1

(FCUE

N )2
= 1 − |u|2N r2

N

with initial values

FCUE
0 = 1, FCUE

1 = 2F1(−µ,−µ; 1; |u|2)

and

2|u|2N rN rN−1 − |u|2 − 1

=
1 − |u|2N r2

N

rN

ˆ

(N + 1 + µ)|u|2rN+1 + (N − 1 + µ)rN−1

˜

−
1 − |u|2(N−1)r2

N−1

rN−1

ˆ

(N + µ)|u|2rN + (N − 2 + µ)rN−2

˜

subject to the initial values

r0 = 1, r1 = −µ
2F1(−µ,−µ + 1; 2; |u|2)

2F1(−µ,−µ; 1; |u|2)



Identities

Average of the powers of the characteristic polynomial

FN(s; µ) :=
D

N
Y

l=1

(s − λl )
µ
E

GUE
= ẼN (s; µ; ξ = 0)

Obey the duality relation [Forrester+W 2001]

FN(s; µ)

FN (s0;µ)
=

Fµ(is;N)

Fµ(is0;N)

for all µ, N ∈ N. Identity implies the integral identity

Z ∞

−∞
dx1 · · ·

Z ∞

−∞
dxN

N
Y

j=1

e−x2
j (s − xj )

µ
Y

1≤j<k≤N

(xk − xj)
2

= C

Z ∞

−∞
dx1 · · ·

Z ∞

−∞
dxµ

a
Y

j=1

e−x2
j (s − ixj )

N
Y

1≤j<k≤a

(xk − xj )
2

and the determinant identity

det
h

Z ∞

−∞
(s−x)µx j+ke−x2

dx
i

j,k=0,...,N−1
= C det

h

Z ∞

−∞
(s−ix)Nx j+ke−x2

dx
i

j,k=0,...,µ−1



Classical Solutions

Expansion of the PVI τ -function as t → 0 in the domain
{t ∈ C|0 < |t| < ε, |arg(t)| < φ} for all ε > 0 and any φ > 0 [Jimbo 1982]

τ(t) ∼ Ct(σ2
0t−θ2

0−θ2
t )/4

×

(

1 +
(θ2

0 − θ2
t − σ2

0t)(θ
2
∞ − θ2

1 − σ2
0t )

8σ2
0t

t

− ŝ
[θ2

0 − (θt − σ0t )
2][θ2

∞ − (θ1 − σ0t )
2]

16σ2
0t (1 + σ0t )2

t1+σ0t

− ŝ−1 [θ2
0 − (θt + σ0t )

2][θ2
∞ − (θ1 + σ0t)

2]

16σ2
0t (1 − σ0t )2

t1−σ0t + O(|t|2(1−ℜ(σ0t )))

)

For IN [w ] the monodromy invariants for either case are (ω, ω̄ := ω1 ± iω2)

σ0t = N − µ + ω̄, σt1 = 2µ + 2ω1, σ01 = N − µ + ω

Case(A) :x θ0 = −µ − ω, θt = N + 2ω1, θ1 = N + 2µ, θ∞ = −µ − ω̄,

Case(B) :Mt = (−)N I θ0 = µ − ω̄, θt = N, θ1 = N + 2µ + 2ω1, θ∞ = µ − ω,

Case(C) :q θ0 = −2ω1, θt = N + µ + ω, θ1 = N + µ + ω̄, θ∞ = 2µ



Separatrix Solutions

Global asymptotics of PII [Kapaev 1992], [Kitaev 1994], [Its+Kapaev 2000],
[Its+Kapaev 2001]
Monodromy data {s1, s2, s3} satisfying Monodromy Manifold

MII(s1, s2, s3) = s1 − s2 + s3 + s1s2s3 + 2 sin πα = 0

Special PII Solutions

◮ Rational solutions s1 = s2 = s3 = 0, α ∈ Z Yablonskii-Voro’bev polynomials

◮ Classical solutions s1 = −s2 = s3 = (−1)n+1, α = n + 1
2
∈ Z + 1

2
Determinants

constructed with Airy function entries

◮ Separatrix solutions s2 = 0, s1 = 1/s3 = e iπǫ(α+ 1
2
) ∀α, ǫ = ±1



Soft-edge Regime
Scaling from GUE → Soft Edge ↔ degeneration PIV to PII

Ẽ soft(s; µ; ξ) = lim
N→∞

e−µt2
ẼN (t; µ; ξ)

˛

˛

˛

t=
√

2N+s/
√

2N1/6

ξ = 1, Ẽ soft(s;µ); ξ = 0, F soft(s; µ) are PII τ -functions with α = µ − 1
2

[Forrester+W. 2001]
Two separatrix/truncated solutions [Kapaev 1992], [Kitaev 1994]

σ(t; µ) ∼
t→−∞

1

4
t2 +

4µ2 − 1

8t
+ . . . − ǫ2−

3
2 sin(πµ)

e−
1
3
(−2t)3/2

(−2t)−
1
4

“

1 + O((−t)−3/2)
”

= u(t; µ) with ǫ = 1

i.e. symmetry broken and exponentially small terms present

σ(t; µ) ∼
t→∞

ǫµt1/2 −
µ2

4t
+ . . .

+(ǫ+1)23ǫ(µ− 1
2
)− 5

2
cos(πµ)

π
Γ(

ǫ+1

2
− ǫµ)

e−
4
3
t3/2

t−
1
4
(3ǫ+1)+ 3

2
ǫµ

“

1 + O(t−3/2)
”

= v(t; µ) with ǫ = −1

i.e. no exponentially small terms exist

Conjecture

All the generalised spectral averages of the scaled Random Matrix ensembles (Soft
Edge, Hard Edge, Bulk) are transcendental, separatrix solutions of the Painlevé II, III
and V systems.



Orthogonal Systems

Orthogonal polynomials {pn(x)}∞n=0 with respect to the weight w(x) on support C

Z

C
dx w(x)pm(x)pn(x) = δm,n

Stieltjes Function

f (x) :=

Z

C
dz

w(z)

x − z
=

∞
X

n=0

µn

xn+1

Associated Function

qn(x) :=

Z

C
dz

w(z)

x − z
pn(z)

Matrix [Its, Fokas, Kitaev 1991]

Yn(x ; t) :=

„

pn(x) qn(x)/w(x)
pn−1(x) qn−1(x)/w(x)

«

,

[Hamburger, Favard]The orthogonal system {Yn}∞n=0 exists if and only if
Hn := det(µj+k )0≤j,k≤n−1 6= 0 for all n ∈ N.



Determinantal point processes

Definition: A simple point process such that it’s joint intensities - correlation functions
- satisfy

ρn(x1, . . . , xn) = det(K(xj , xk))1≤j,k≤n

for every n ≥ 1 and x1, . . . , xn ∈ Λ.

Lemma: Let {pk}
n
k=1 be an orthonormal set in L2(Λ). Then there exists a

determinantal process with kernel K(x , y) =
Pn

k=1 pk(x)pk (y).

See Ben Hough, Krishnapur and Peres, Probability Surveys, 3 (2006) 206-229



Structural Relations for Orthogonal Systems

There-term recurrence relation

xpn(x) = an+1pn+1(x) + bnpn(x) + anpn(x)

or matrix Yn satisfies the recurrence relation in n

Yn+1 := KnYn =
1

an+1

„

x − bn −an

an+1 0

«

Yn

The Casoratians of the solutions pn, qn are

pn(z)qn−1(z) − pn−1(z)qn(z) =
1

an



Spectral Structures for Orthogonal Systems

[Bonan & Clark 1990, Bauldry 1990]Assume that the weight satisfies the moment
conditions

Z

C
dx w(x)

d
dz

log w(z) − d
dx

log w(x)

z − x
x j 6= ∞, j ∈ N

Then the matrix Yn satisfies the differential relation with respect to the spectral
variable x

d

dx
Yn = AnYn



Regular Semi-classical Class of Weights

Definition - regular semi-classical class - equivalent to Pearson equation

1

w(x)

d

dx
w(x) =

2V (x)

W (x)
=

M
X

j=1

ρj

x − xj
, xj , ρj ∈ C

V (x), W (x) are polynomials

(i) deg (W ) ≥ 2,

(ii) deg (V ) < deg (W ) = M,

(iii) the M zeros of W (x), {x1, . . . , xM} are distinct, and

(iv) the residues ρj = 2V (xj )/W ′(xj ) /∈ Z≥0

Semi-classical class follows from degenerations/limits of a regular S-C weight, e.g.
M = 2 case

OPS w(x) W (x) V (x)

Jacobi (1 − x)α(1 + x)β x2 − 1 1
2
(α − β) + 1

2
(α + β)x

Laguerre xαe−x x 1
2
(α − x)

Hermite e−x2
1 −x



Regular Semi-classical Class for Orthogonal systems

Parameterisation of spectral matrix

An =
1

W (x)

„

Ωn(x) − V (x) −anΘn(x)
anΘn−1(x) −Ωn(x) − V (x)

«

Θn(x) and Ωn(x) are polynomials of degree M − 1,M respectively, independent of n,
with

Θn(x) = (2n + 1 + m0)x
M−1 + . . .

Ωn(x) = (n +
1

2
m0)x

M + . . .

where m0 =
PM

1 ρj .
Therefore

An =
M
X

j=1

An(xj )

x − xj

where

An,j := An(xj) = anρj

„

pn−1(xj )qn(xj ) −pn(xj)qn(xj)
pn−1(xj )qn−1(xj ) −pn(xj )qn−1(xj )

«



Compatibility Relations for Orthogonal Systems

Compatibility of spectral and recurrence structures implies

K ′
n = An+1Kn − KnAn

[Magnus 1995]The coefficients Θn(x), Ωn(x) satisfy the recurrence relations

Ωn+1(x) + Ωn(x) = (x − bn)Θn(x)

and
[Ωn+1(x) − Ωn(x)](x − bn) = W (x) + a2

n+1Θn+1(x) − a2
nΘn−1(x)

[W 2004]Evaluated at a finite singular point, xj , the coefficients Θn(x), Ωn(x) satisfy
the bilinear relations

Ω2
n(xj ) − V 2(xj ) = a2

nΘn(xj )Θn−1(xj)



Deformation Structures for Orthogonal Systems

Parameterise the free singularities xj(t) as arbitrary trajectories

d

dt
=

M
X

j=1

ẋj
∂

∂xj
ẋj :=

dxj

dt

[Magnus 1995] The deformation derivatives of the system with respect to arbitrary
deformations of the singularities xj are given by

d

dt
Yn = BnYn =

2

4B∞ −
M
X

j=1

ẋj
An,j

x − xj

3

5Yn

where

B∞ =

0

@

γ̇n
γn

0

0 −
γ̇n−1
γn−1

1

A



Schlesinger Equations

Compatibility of spectral and deformation structures

The residue matrices satisfy a system of integrable, non-linear partial differential
equations, the Schlesinger equations,

Ȧn,j =
ˆ

B∞, An,j

˜

+
X

k 6=j
1≤k≤M

ẋj − ẋk

xj − xk

ˆ

An,k ,An,j

˜

, j = 1, . . . , M

Ȧn,∞ = [B∞, An,∞]



Isomonodromy for Garnier Systems

Monodromy Matrix
Yn|xj +δe2πi = Yn|xj +δ Mj

Upper triangular form

Mj =

„

1 cj (1 − e−2πiρj )

0 e−2πiρj

«

Monodromy preserving deformations cj is independent of xk



Christoffel-Uvarov Transformations for Orthogonal Systems

General rational modification of the weight

w

»

α1 . . . αK

β1 . . . βL
; x

–

=

QK
i=1(x − αi )

QL
k=1(x − βk)

w(x)

Matrix Generators R+
n (x ; α), R−

n (x ;β), . . . for K = 1, L = 0 and K = 0,L = 1, ...

Yn

»

1,·
0,·

; x

–

= R+
n (x ; α)Yn(x), Yn

»

0,·
1,·

; x

–

= R−
n (x ;β)Yn(x)

R−matrices

R+
n (x ; α) =

 

Ân
an

pn(α) 0

0 0

!

+
1

x − α

 

an
an+1

Ânpn−1(α) − an
an+1

Ânpn(α)

Ân−1pn−1(α) −Ânpn(α)

!

where Â2
n = −γn/γn+1pn(α)pn+1(α)

R−
n (x ; β) =

 

Ǎnqn−1(β) −Ǎnqn(β)
an

an−1
Ǎn−1qn−1(β) − an

an−1
Ǎn−1qn(β)

!

+(x−β)

 

0 0

0 −
Ǎn−1

an−1
qn−1(β)

!

where Ǎ2
n = −γn−1/γnqn−1(β)qn(β)



Schlesinger Transformations for Orthogonal Systems

C-U transformations with α, β,→ xj

Three-term recurrence and ρj exponent transformations in terms of monodromy
exponents

n 7→ n ± 1 θ0 7→ θ0 ± 1 , θ∞ 7→ θ∞ ± 1
ρj 7→ ρj ± 1 θj 7→ θj ∓ 1 , θ∞ 7→ θ∞ ± 1

n 7→ n ± 1 , ρj 7→ ρj ∓ 1 θ0 7→ θ0 ± 1 , θj 7→ θj ± 1

Compatibility of recurrence matrix and the Schlesinger transformation

R j±
n+1(x ; ρj )Kn(x ; ρj ) = Kn(x ; ρj ± 1)R j±

n (x ; ρj )

Compatibility of spectral matrix and the Schlesinger transformation

d

dx
R j±

n (x ; ρj ) + R j±
n (x ; ρj )An(x ; ρj ) = An(x ; ρj ± 1)R j±

n (x ; ρj )

Compatibility of deformation matrix and the Schlesinger transformation

d

dt
R j±

n (x ; ρj ) + R j±
n (x ; ρj )Bn(x ; ρj ) = Bn(x ; ρj ± 1)R j±

n (x ; ρj )



The Askey Table

q−Krawtchouk
Dual 

q−Racah

Hahn
Continuous

Dual Hahn
Continuous Hahn

MeixnerJacobi

Askey−Wilson

Dual  q−Hahn
Continuous Continuous

q−Hahn q−Jacobi
Big

Chihara
Al−Salam

Pollaczek
q−Meixner

−
Pollaczek
Meixner

q−Krawtchouk
Affine

q−Krawtchouk
q−Krawtchouk

Quantum

q−Jacobi
Little

q−Laguerre
Big

q−Jacobi
Continuous q−Meixner

Wilson Racah

Krawtchouk

Dual Hahn

Laguerre Charlier

Hermite

big q−Hermite
Continuous

q−Laguerre
Continuous

q−Laguerre
Little q−Laguerre

Wigert
Stieltjes −

q−Hermite
Continuous

q−Charlier
Alternative

q−Charlier Al−Salam
Carlitz I Carlitz II

Al−Salam

q−Hermite I
Discrete

q−Hermite II
Discrete

q−Hahn Dual q−Hahn
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The Sakai Scheme
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Classification of Painleve Equations by Rational Surfaces

 



q-linear lattice and divided difference calculus

x
1

x
2

x
3

y
1

y
2

y
3

y
4

Lattice [Nikiforov, Uvarov & Suslov 1991, Magnus 1988]

xs = qs , s ∈ Z, |q| < 1

Divided difference operator and Mean operator

Dq f (x) :=
f (qx) − f (x)

(q − 1)x
, Mqf (x) :=

1

2
[f (qx) + f (x)]

Jackson q-sum
Z a

0
dqx f (x) := a(1 − q)

∞
X

s=0

qs f (aqs )

q-Pochhammer symbol

(x ; q)n =

n−1
Y

j=0

(1 − xqj)



Dq-semi-classical weights

Definition: Let the Dq-semi-classical weight satisfy

WDqw = 2VMqw

or equivalently
w(qx)

w(x)
=

W + (q − 1)xV

W − (q − 1)xV

for V (x),W (x) irreducible polynomials
E.g. little q-Jacobi weight

w(x) = xα (qx ; q)∞
(qβ+1x ; q)∞

Weight data M = 2

2W = x
h

qα + 1 − (qα+β + 1)qx
i

, 2(q − 1)V = qα − 1 − (qα+β − 1)qx



Spectral Structure

The matrix Yn satisfies the spectral divided difference equation [Magnus 1988, Chen
& Ismail 1991, W 2009]

DqYn(x) := AnMqYn(x) =
1

Wn(x)

„

Ωn(x) −anΘn(x)
anΘn−1(x) −Ωn(x) − 2V (x)

«

MqYn(x)

Definition: regular Dq-semi-classical case Wn,Θn, Ωn are polynomials in x with

degxWn = degxW = M, degxΩn = degxV = M − 1, degxΘn = M − 2

No meaning attached to the zeros of Wn as singular points



Compatibility and Bilinear relations

Compatibility implies

Kn(qx)
`

1 − 1
2
(q − 1)x An

´−1 `
1 + 1

2
(q − 1)x An

´

=
`

1 − 1
2
(q − 1)x An+1

´−1 `
1 + 1

2
(q − 1)x An+1

´

Kn(x)

The spectral coefficients satisfy recurrence relations in n [Magnus 1988, W 2009]

Wn+1 = Wn + 1
4
(q − 1)2x2Θn

Ωn+1 + Ωn + 2V = (Mqx − bn)Θn

(WnΩn+1 − Wn+1Ωn)(Mqx − bn)

= − 1
4
(q − 1)2x2Ωn+1Ωn + WnWn+1 + a2

n+1WnΘn+1 − a2
nWn+1Θn−1

Bilinear relation

[2Wn − W + (q − 1)x(Ωn + V )] [2Wn − W − (q − 1)x(Ωn + V )]+a2
n(q−1)2x2ΘnΘn−1

= W 2 − (q − 1)2x2V 2



Dq-semi-classical Deformation Structure

The deformed Dq-semi-classical weight satisfies [W 2009]

RDq,tw = 2SMq,tw ,

or equivalently
w(x ; qt)

w(x ; t)
=

R + (q − 1)tS

R − (q − 1)tS

for S(x ; t), R(x ; t) irreducible in x and t.
E.g. deformed little q-Jacobi

w(x ; t) = xα (qx ; q)∞
(qβ+1x ; q)∞

(qx/t; q)∞
(qγ+1x/t; q)∞

Weight data M = 3

2W = qα(1 − qβ+1x)(1 − qγ+1x/t)x + (1 − qx)(1 − qx/t)x ,

2(q − 1)V = qα(1 − qβ+1x)(1 − qγ+1x/t) − (1 − qx)(1 − qx/t)

2R = 2x − (q−γ + 1)t

2(q − 1)S = q−γ − 1



Deformation Structure

OPS corresponding to a deformed Dq-semi-classical weight satisfies the deformation
divided difference equation [W 2009]

Dq,tYn := BnMq,tYn =
1

Rn

„

Γn Φn

Ψn Ξn

«

Mq,tYn

regular, deformed Dq-semi-classical case the deformation coefficients
Rn, Γn, Φn,Ψn, Ξn are polynomials in the spectral variable x with degrees independent
of n

degxRn = degxΓn = degxΞn = max(degxR, degxS),

degxΦn = degxΨn = max(degxR,degxS) − 1

Deformation coefficients satisfy the linear identity and the trace identity

Ψn = −
an

an−1
Φn−1

(q − 1)t (Γn + Ξn) = 2Hn

»

R + (q − 1)tS

an(t)
−

R − (q − 1)tS

an(qt)

–

E.g. deformed little q-Jacobi L = degxR = 1 that the higher deformation coefficients
can be parameterised thus

R± = r1±x + r0±, P± = p±



Further compatibility and Bilinear relations

The recurrence matrix and the deformation matrix satisfy [W 2009]

Kn(; qt)
`

1 − 1
2
(q − 1)tBn

´−1 `
1 + 1

2
(q − 1)tBn

´

=
`

1 − 1
2
(q − 1)tBn+1

´−1 `
1 + 1

2
(q − 1)tBn+1

´

Kn(; t)

The deformation coefficients satisfy recurrence relations in n

an+1(t)

Hn+1
[−2Rn+1 + (q − 1)tΓn+1 ] +

an(t)

Hn
[2Rn + (q − 1)tΓn]

= −[x − bn(t)]
(q − 1)t

Hn
Φn + 2an(t)

»

R + (q − 1)tS

an(t)
−

R − (q − 1)tS

an(qt)

–

an+1(qt)

Hn+1
[2Rn+1 + (q − 1)tΓn+1] +

an(qt)

Hn
[−2Rn + (q − 1)tΓn ]

= −[x − bn(qt)]
(q − 1)t

Hn
Φn + 2an(qt)

»

R + (q − 1)tS

an(t)
−

R − (q − 1)tS

an(qt)

–



Final Compatibility

The spectral matrix An(x ; t) and the deformation matrix Bn(x ; t) satisfy

`

1 − 1
2
(q − 1)xAn(x ; qt)

´−1 `
1 + 1

2
(q − 1)xAn(x ; qt)

´

×
`

1 − 1
2
(q − 1)tBn(x ; t)

´−1 `
1 + 1

2
(q − 1)tBn(x ; t)

´

=
`

1 − 1
2
(q − 1)tBn(qx ; t)

´−1 `
1 + 1

2
(q − 1)tBn(qx ; t)

´

×
`

1 − 1
2
(q − 1)xAn(x ; t)

´−1 `
1 + 1

2
(q − 1)xAn(x ; t)

´

Define

`

1 − 1
2
(q − 1)xAn

´−1 `
1 + 1

2
(q − 1)xAn

´

=
1

W + (q − 1)xV

„

W+ −T+

T− W−

«

`

1 − 1
2
(q − 1)tBn

´−1 `
1 + 1

2
(q − 1)tBn

´

=
1

R + (q − 1)tS

„

R+ −P+

P− R−

«



Over-determined Linear System

Evaluation at zeros of (W 2 − (q − 1)2x2V 2)(x ; t, qt) with respect to x
At x = t

r1−t + r0− +
W+(t; qt)

T+(t; qt)
p+ = 0

whilst at x = q−γt

r1−q−γt + r0− +
W+(q−γ t; qt)

T+(q−γ t; qt)
p+ = 0

at x = q−1t

r1+t + r0+ +
W−(q−1t; t)

T+(q−1t; t)
p+ = 0

and at x = q−γ−1t

r1+q−γt + r0+ +
W−(q−γ−1t; t)

T+(q−γ−1t; t)
p+ = 0



D
(1)
5 Painlevé system

One solution for component p+ is

(κ1 − q−1κ2)r1−an(qt) =

»

−q−1κ1 +
z+(qt)

(y(qt) − t)(y(qt) − q−γt)

–

p+

Here κ1 = qα+β+γ+2+n/t, κ2 = q2−n/t

Θn(y) = 0, z± =
ν

y
± (q − 1)µ

where ν = (2Wn − W )(y), µ = (Ωn + V )(y).
A second solution for component p+ is

(qκ1 − κ2)r1+an(t) =

»

−κ2 +
z−(qt)

(y(t) − q−1t)(y(t) − q−γ−1t)

–

p+

Combine each of the solutions with

(q−1κ1 − κ2)p+ = (qκ1 − κ2)[r1+an(t) − q−2r1−an(qt)]

Employ change of variables

z+ =
(y − q−1t)(y − q−γ−1t)

κ1z
, z− = κ1(y − q−1)(y − q−β−1)z

Deduce the q-recurrence relation [Jimbo & Sakai 1996]

κ1κ2z(qt)z(t) =
(y(t) − q−1t)(y(t) − q−γ−1t)

(y(t) − q−1)(y(t) − q−β−1)



Painlevé-Sakai Scheme and Askey Table Correspondence

◮ regular Dq-semi-classical weights imply a connection preserving property,

P(x ; t) = Y0(x , t)−1Y∞(x ; t)

with P(x ; qt) = P(x ; t).

◮ Does this construction work for all of the Askey Table?

◮ identification with known integrable equations? Or do you get novel equations?

◮ characterisations of the solutions by q-difference and difference equations,

◮ solutions as non-linear generalisations of basic hypergeometric functions,

◮ have examples of classical solutions to q-Painlevé systems,

◮ require analogues of the local expansions for τ -functions about t = 0,∞ and
parameterisation of the connection matrices,

◮ what type of new averages in random matrix theory, determinantal point
processes, mathematical physics, arise? Kaneko’s q-integral and other q-Selberg
integrals.


