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Integrable theory of quantum transport in chaotic cavities

Conclusions / Open problems

Landauer conductance Noise power  (thermal-to-shot-noise crossover)

Painlevé Transcendents & Quantum Transport



Applied Mathematics

Preface: Painlevé functions in physics[ ]
34p

Painlevé transcendents and their appearance in physics

Rational function of its arguments
All movable singularities are restricted to poles

(no movable branch points)

(a) linear 2nd order DEs
(b) Weierstrass DE
(c) Riccati DE
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6 Painlevé equations PI – PVI
nonlinear special functions[ ]

E. Picard
(1889)
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Painlevé transcendents and their appearance in physics

6
P. Painlevé (1900,1902)

B. Gambier (1905)
R. Fuchs (1910)[ ]
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Painlevé equations PI – PVI
nonlinear special functions

Preface: Painlevé functions in physics

P. Clarkson, Painleve equations – nonlinear special functions, J. Comp. Appl. Math. 153, 127 (2003)
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Painlevé transcendents and their appearance in physics

6[ ]

σPIII

σPV

Painlevé equations PI – PVI
nonlinear special functions

fascinating 
properties

Preface: Painlevé functions in physics

P. Clarkson, Painleve equations – nonlinear special functions, J. Comp. Appl. Math. 153, 127 (2003)

Hamiltonian system Bäcklund transformations
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Painlevé transcendents and their appearance in physics

• 2D Ising model

Preface: Painlevé functions in physics

R. Peierls (1936), H. Kramers & G. Wannier (1941) 
L. Onsager (1944), C. N. Yang (1955)

Existence of the 2nd order phase 
transition, Critical temperature,
Spontaneous magnetisation
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Painlevé transcendents and their appearance in physics

• Impenetrable Bose gas

M. Girardeau (1960)
A. Lenard (1964)
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Painlevé transcendents and their appearance in physics

• Impenetrable Bose gas

σPV

M. Jimbo, T. Miwa, Y. Môri, and M. Sato (1980)
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Painlevé transcendents and their appearance in physics

• Growth models in (1+1)D / oriented digital boiling

J. Gravner, C. Tracy, and H. Widom (2001)
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Painlevé transcendents and their appearance in physics

• Growth models in (1+1)D / oriented digital boiling

J. Gravner, C. Tracy, and H. Widom (2001)

Universal regime of shape fluctuations

σPII

Preface: Painlevé functions in physics
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Brief Intro: Painlevé property and appearance of Painlevé
transcendents in physics

2D Ising model 1D impenetrable Bose gas Growth models

Outline

New! Painlevé transcendents in quantum transport problems: 
Announcement of the main result
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Painlevé transcendents in quantum transport problems

New: Painlevé in quantum transport !!

© S. Oberholzer, Universität Bazel
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New: Painlevé in quantum transport !!

Le
ft

 re
se

rv
oi

r

R
ight reservoir

Landauer conductance

Main  Result

σPV

BPC

Painlevé Transcendents & Quantum Transport



Applied Mathematics

[ ]
25p

Outline

Brief Intro: Painlevé property and appearance of Painlevé
transcendents in physics

2D Ising model 1D impenetrable Bose gas Growth models

New! Painlevé transcendents in quantum transport problems: 
Announcement of the main result

Landauer conductance and its cumulants: Known results

Painlevé Transcendents & Quantum Transport



Applied Mathematics

[ ]
24p

Landauer Conductance …

Landauer conductance and its cumulants: Known results
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Landauer Conductance …

Landauer conductance and its cumulants: Known results
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Landauer Conductance …

Landauer conductance and its cumulants: Known results

Scattering matrix approach

Semiclassical arguments:
Blümel & Smilansky (1990)

Microscopic justification:
Brouwer (1995)

Early (exact) calculation 
of moments/cumulants:
Baranger & Mello (1994)

1st & 2nd cumulants
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Landauer Conductance …

Landauer conductance and its cumulants: Known results

Semiclassical arguments:
Blümel & Smilansky (1990)

Microscopic justification:
Brouwer (1995)

Early (exact) calculation 
of moments/cumulants:
Baranger & Mello (1994)

1st & 2nd cumulants

3rd & 4th cumulants
Savin, Sommers & 
Wieczorek (2007)Selberg integral

Symmetric 
functions

All moments
Novaes (2008)

exponential 
growth !!
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Landauer Conductance …

Integrable theory of quantum transport (Landauer conductance)
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Landauer Conductance …

Integrable theory of quantum transport (Landauer conductance)
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Integrable theory of quantum transport (Landauer conductance)
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Landauer Conductance …

Integrable theory of quantum transport (Landauer conductance)
Cumulant generating 

function

Gap formation 
probability 

(LUE)
Tracy & 

Widom (1994)
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Landauer Conductance …

Integrable theory of quantum transport (Landauer conductance)
Cumulant generating 

function

! Main  Result
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Painlevé transcendents in quantum transport problems
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Consequences / further results 

New: Painlevé in quantum transport !!

• Conductance cumulants obey a nonlinear recurrence equation

Novaes (2008)
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Consequences / further results 

New: Painlevé in quantum transport !!

• Entire conductance distribution function follows from the Toda Lattice

• Asymptotic analysis of conductance cumulants

• Asymptotic analysis of conductance distribution (deviations from the 
Gaussian law)
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Consequences / further results 

New: Painlevé in quantum transport !!

• Entire conductance distribution function follows from the Toda Lattice

Conductance probability 
density function
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Noise power 

Integrable theory of quantum transport (Noise power)

• Charge transfer through a quantum chaotic cavity
• discreteness of electron charge
• quantum nature of electrons 

• Fluctuating current quantified by noise power

• At both finite temperature and bias voltage

Painlevé Transcendents & Quantum Transport



Applied Mathematics

[ ]
08p

Noise power 

Integrable theory of quantum transport (Noise power)

• At both finite temperature and bias voltage

• At temperatures larger than bias voltage equilibrium
thermal noise dominates:

• At low temperatures                  nonequilibrium current 
fluctuations – shot noise – dominates:
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Noise power 

Thermal to shot noise crossover beyond the average noise power

• At both finite temperature and bias voltage

Theory:
Blanter & Sukhorukov

(2000)

Experiment:
Oberholzer et al (2001)
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Noise power 

Thermal to shot noise crossover beyond the average noise power

• Joint cumulant generating function

• Truncated scattering matrix:

No longer a gap formation probability !!
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Noise power 

Thermal to shot noise crossover beyond the average noise power

• Joint cumulant generating function

• More sophisticated methods needed… (similar to maths of bosonic
replicas)

• Nonlinear recurrence equation for joint cumulants

Painlevé Transcendents & Quantum Transport



Applied Mathematics

[ ]
05p

Noise power 

Thermal to shot noise crossover beyond the average noise power

• Joint cumulant generating function

• More sophisticated methods needed… (similar to maths of bosonic
replicas)

• Nonlinear recurrence equation for joint cumulants

Limit of large number of channels (symmetric leads)
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New: Painlevé in quantum transport !!

Conclusions / Open problems

• Non-ideal contacts (Poisson kernel)

• Lossy quantum transport  (electrons escaping through the third lead)

• Full counting statistics 

• Other symmetry classes (β=1 and β=4)
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