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1— 5kr
k—r
p, are i.i.d. r. v. uniformly distributed between —1 and 1.

Lkr — pr5kr +1a

k,r are integers between —/N and /N with step 2.

a=0.1,0.3,0.5,0.7,1.,1.3,.1.5,1.7,2,2.5,3,3.5,4,5




w=2m/N

p(1 — Or)
2sinh(pu(k —r)/2)

Ly, = pr5kr +1a

a=0.1,0.3,0.5,1,1.5,2,5 (black to green)
T




(1 — Oxr)

Ly, = pr(skr +la—;
2 sin(p(ak — ar)/2)

a=0.1,0.3,0.5,1,1.5,2,5 (black to green)




1 — eZﬂ'iozN

N[]_ _ eZﬂ'i(k—p—l—aN)/N]

Myp = e'®*

@ are i.i.d. r.v. uniformly distributed between 0 and 2.

a = m/q correspond to a quantization of an interval exchange map.
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N = +1 mod ¢

Solid line: o =1/3
p(s) ~ 52 =39
Dotted line: @ = 1/6
p(s) ~ 5% e
Dashed line: o« = 1/9
p(s) ~ 88 =9

p(s)

05 -

e~

a=1/3,1/6,1/9.



a=1/5
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/7 N\ 0.01

0.75 - \

-0.001

0.01

p(s)
N(s)-N,()

0.25 | \

=== -0.001
0

Left: Dashed line N = 41 mod 5: p(s) ~ se™%.

Solid line N = £2 mod 5: p(s)(azs® + aszs® + ass* + a5s® + ags®)e>*
as ~ 5.041, ag ~ 25.203, a4 ~ 45.724, a5 ~ 32.451, ag ~ 8.357.

Right: Differences N(s) — N (s) for N = 801 and N = 802.



1 — eZﬂ'iozN

_ AiPy
Mygp =€ N[1 — e2mi(k—pTaN)/N|

Substitution
a
o= —
N
1 — eZWia

_ 1Py
Mkp — € N[]_ _ eZwi(k—p—I—a)/N]




O<a<l1

P(s) for lllb
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N = 701 and 1000 iterations. a = 0.1,0.2,...,0.9.



1 <a<?2

N=701
al=7/6, 8/6, 9/6, 10/6 (resp. black, red, green, blue)
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201, 100 iterations
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a=9/4
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N =701, 1000 iterations
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N = 701, 1000 iterations
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Generalizations

1 — Oy 1 — Oy
(Inr) Lkr — pr(skr +1a K a Lkr — pr(skr +1a a
— T dkx — dr
: (1 — Okr)
I1 Ly, = PrOkr
(LInr) ke = Prok —|—1a2 sinh(u(k —r)/2)
(1 — Okr)

Lkr — pr5kr + ia2

(ITInr) Lie = Proer +1a5 Slg((;( i1(1“;/2)
,u(l — 5kr)

Lkr — pr(skr +1a
2 Sln(:u(qk — Qr)/z)
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1 — eZﬂ'ia

_ AiPx
I1Tb Mkp — ¢ N[]. . eZﬂ'i(k—P‘f‘a)/N]

Lkp _ e—iﬂ'(N—l)aei@k—l—i(qk—qr)/ZCkp

and C' is an orthogonal matrix

sin ra

sin (% 4+ 7ra)

Crp = V. (a;q) V2 (~a;q) .

sin (% + 7ra)
Vila,q) = ]| — —
e

When dr — 27T]€/N, Lkp = Mkp
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Classical integrable systems

Calogero models

N
1 1
Tor H(p’Q):Z§p?+a2 Z (¢ — qr)?
j=1 1<jok<n 47 T 9k
N1, 1
IInr  H(p,q) = ) 5p; + a0y’ .
; 274 137;@\1 smhz(%(qj — qx))
N1, 1
ITInr H(p,q) = —p? 4+ Za?u? |
;::1 274 1§j<ZkSN sin® (5 (q; — qx)/2)

Ruijsenaars model

N . 1/2
ITIb H(p,q) = Zcos(pj) H <1 — 25111 Ta ))

sin” £(q; — qx
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Lax matrices

All Ly, are the Lax matrices of these integrable models

L = L M]
For all integrable models there exist canonical variables action-angle
Ij =1;(p,q) ¢; = ¢;(D;q)
dpdg = dId¢

Distribution of elements of random matrices L, (p, q)

p(7,q)dpdg = P(I,¢)dTd¢
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Angle-action variables for the Calogero model
1— 5kr
dk — qr .

Z Lkrur = A uk Z uk = Ok

One gets: LirGr — qx L = —ig(1 — dg,) .
an()\m — >\n) — _ig(e* €n — 5mn)
k n

One can choose ¢,, = 1. Then

Ly = prékr + ig

1—29
mn — mdmn_’ =
© w 195

m )\n
Ruijsenaars proved that w,, = ¢,, are angle variables and \,, = I,,
are action variables.
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Convenient measure of random ensemble

Consider L, as a random matrix depending on p and ¢ with the
natural measure

dL. ~ exp|—aTrL'L — ﬁz q,%] dpdg
k

exp | —a Zpk+922 E — B3 q; | dpdg
k

Z#J

In variables )\ and w this distribution can be rewritten as

dL ~ exp —OzZ)\Q — BTrQ'Q | d\dw

exp —aZA?n Zw +g2z d\dw .

m#n
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The integration over w gives a constant eigenvalues of the random
matrix L are distributed as

1
PO Aw) v exp [ —a 3N = B9 3 s

m=#n

—a;s—g?/s?
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Angle-action variables for Ruijsenaars model

sin ra

sin (% 4+ 7Ta)

Cip(a,q) = V,'"*(a; q) V2(—a;q) -

Qe = eiﬂ(N—l)aeicbﬁi(/\v—/\e)/20/\£(_a7 A) .
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Unitarity condition

Ly, is unitary iff all V;(a; q)V;(—a, q) are positive. When this

condition is satisfied ()¢ is also unitary.

B L%

6: 21'[\&, \Xl

Let us divide the unit circle
in anticlock-wise direction into
sectors of angle 2w and denote
the numbers of eigenvalues in-

side the k™" sector by ny.

no =n1+ 1. For k >3 ny =ny + O(xy 11 — Xxk)
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The sum of eigenvalues numbers over all K sectors obey the following
inequalities

K
N—nl—lgz:nkSN—l.

k=1
K
Kn1+1§2nk§K(n1—|—1).
k=1
N 1< SN2
_— = n :
K+1 ==
N N
——1< K< —
a a
a* ala —2)
11—
a N+a<n1<a—|— N _q

At sufficiently large N: a—1<n; <a — n = |a]
Lemma: When a = a/N and N > N, at the angular distance of
2wa/N from each eigenvalue there exist exactly [a] other eigenvalues.
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Direct consequences of the Lemma.

e When 0 < a < 1 the minimal distance between 2 eigenvalues is
2ma/N.

e When a > 1 the maximal distance between 2 eigenvalues is
2ma/N.

Xk+1 Xk+2

Mutual positions of eigenvalues for 1 < a < 2.
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Joint probability of eigenvalues

Initial probability of matrix elements
AP(5,§) = R(§)dpd]

R(q) = restrictions imposed on ¢ that matrix L is unitary

Transforming to action-angle variables
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O<ax<l1

Poisson distribution shifted by a

P(s) for lllb

ml—‘
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Transfer operator for 1 < a < 2
1< To<...<kp<...<xN .
The restriction means that for all k
T+ a < Tpgo < Tpt1 +a.
Differences between consequtive eigenvalues £, = xp11 — T obeys
0<&py1<a, a<&y1+&k.

Introduce 2 functions

1 whenO0<z<a
flz) =

0 otherwise

1 whena <z
g(x) = ,
0 otherwise
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Joint probability density of NV + 1 eigenvalues inside an interval of

length L is given by the following expression

g(&k + Ek+1)0 ( Z §k>

p({:lag?a”wg )

Zn (L) is the normalization constant

ZN(L):/O dfl---/o diHffk: (&k + Ekt1)0 ( ka)

transfer operator with interaction between 2 near-by points. Exactly
as was done in B., Gerland, Schmit (1999).
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Direct calculations

Calculate the Laplace tarnsform of Zn (L)

oo o0 o0 N
gn(t) = / Zn(L)dL = / dé: .. / dén [ [ e F(&r)g(€rtErin) -
0 0 0 e
It is the formal trace of a transfer operator

gn(t) = TrKN — /O dér ... /0 Aen K(€1,6)K (62,65) . K(En1,Ex) K (Ex, €1

K(£,¢) =V (©e " 2g(e + €)W F(€)e /2.
It is real symmetric operator. Its eigenvalues, A;, and eigenfunctions,
¢ (&), are well defined

/OOO K(&,8)9;(8)dE = A;9,(E) -
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The most important is the largest eigenvalue of the transfer operator,
Ao(t), and the corresponding eigenfunctions, ¢g(t,§).

In the large N limit the dominant contribution to (?7?) is given by Ag
N —o0
gn(t) =" ()] -

Zn(L) is computed from the inverse Laplace transformation

Zn(L) = — / gn(t)eltdt .
b

I i I

In the saddle point approximation one
N —o0 c
ZN(L) =" [ho(c)]Ve"

c is the solution of the saddle point equation

Ay (c) . .
A+ =0, A = L/N is mean level density.
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Correlation functions

p(&1,&2,...,6n) = P0(&1) K (€1,62) K (£2,83), -+, K(&n—1,5n)P0(&n) -

)\n 1()

p(&) is the nearest-neighbor distribution

p(s) = (¢o(s))” .

p(n78):,/0 dgl/o dg’np(€177€’n (Szgj) .
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Explicit calculations for 1 <a < 2

Eigenfunctions are non-zero only when 0 < z < a, and

2 [ eI = o)

—&
Let us look for the solution in the form
¢(§) ~ sinh p¢
It is eigenfunctions provided
era _ t/2 —pP
t/24+p
and the eigenvalue A is
(p—t/2)a
A=1
p—1/2

31



When 1 < a < 2 the nearest-neighbor distribution is

( Asinh®(ps) when 1< a<4/3

p(s) = 4 52 when a =4/3

Asin®(ps)  when 4/3 <a < 2

\

A and p from the normalization conditions:

/Oap(s)ds =1, /Oa sp(s)ds =1 .

The next-nearest distribution (u(p) = pcos(pa)/sin(pa)):

p(2,5) = Ageh (s / sin(py) sin(p(s — y))dy .

In particular, for a = 4/3
3 27 81

9 o) = (2 2l O 3y 3s/4-1
p( 78) ( 2_|_ ].68 5128 )e
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p(3, s) is non-zero when a < s < 3a and

p(3.5) = Ay P | sin pgye 06 sinpgs dey d
D(s)

s—a 1 a S—a
a < s <2a 2a < s < 3a
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For a = 4/3 we obtain

agd G BerSOSUTLER /s <s<s
’ (—% -+ 2—53 — %83)638/4_1 4 9e3s/2—4 when 8/3 < s < 4
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General case n<a<n-+1

In this case inside the interval of length a from an eigenvalue there

exit exactly n other eigenvalues.

0 <& +&k41+ ... +&gn-1<a
a <& +&kt1+t ...+ E&ign -

Joint probability of eigenvalues

2

p(’SlagQa v 7€N

5(Léfk>

Interaction only between n nearest-neighbor eigenvalues.

oot Egn—1)9(&k + o+ i)

j 1
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The transfer operator in this case depends on 2 sets of variables

—

§=(&,...,&) and & = (¢&],...,€) shifted by one unit i.e. & = &,
3 =265 o En=28,_1.

The explicit form of the transfer operator is the following

K(EE)=08(&—€)...0(60 —&,_y)

xe 2\ FE T E)g(Er ot En+ E F(E A+ €T

The eigenvalue eqution

[ KE&)6(E)a€ = r6(6)

reduces to a one-dimensional equation

e 1/ / e 2 2g(E 4+ &t ALt 2) Ot Cay o €, 2)dz = M) D(E; & -
0

36
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The probability of £ consecutive spasings has a different form for

k <n and k > n. In the former case

p(glw"?gk) :/0 d§k—|—1/ dfngbo((ﬁ;fl,...,fn)¢0(0;€n,...,€1),

0

and in the latter case

p('Sl? SR 7616) — )\O(C)_k+n¢0(c; 'Sk:a s 7€k‘—n)¢0(c; '517 SR 7§’n>e_czl‘§:1 s

k—n-+1

k—n
< 1] f&+ -+ &) [+ +&1n)
Jj=1 j=1



2<a<d

The eigenvalue equation takes the form

G—EQ
ehé: / 066 = (6, &)

Solution of this equation in the form similar to Bethe anzatz
¢(§1, 52) _ et 4+ e B +(a—B—p)E2 4+ o(—atBtn)éi—ags

_e—B&i—aby _ jabit(a—B-p)é _ (—atBtp)6i+BE

This function is a solution provided

ea(/i"_ﬁ) ea(/i_a) ea(O‘_B)
p+ 5 p— a—p
1 1

ozaziajl +izs ﬂa:—ixl—l—ixg ,ua:§x1 + x3

with real 1, z2, and x3.
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Under this substitution the eigenfunction becomes

361, &2) = ev(&1 — &) (sin(6(&1 + &2)) — €2 sin(3(&1)) — ™" sin(5(é2))

where 7 = 1/(2a), 6 = #3/a, p = (z1 — 73)/a.

eT1 e:cg—l—iacg exg—ixg A\
iC—l B ZCg—l-iZCQ B 333—1332 :_E
It follows that z3 = tar:f(gxg) and
e’ sin(zg) _=

The nomalization condition is
B 1 N 2 — sin(2x9) /9
 1-1/z;  14sin®(x2)/22 —sin(2x2)/x

a

The largest eigenvalue corresponds to 1 <0, 7 < zo < 2.
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The knowledge of these parameters permit to calculate the
eigenfunction from which all nearest-neighbor distribution are

expressed:

p(1,s) = A / G5 )y, s)dy |

p(2,5) = A /0 (s =y, y)b(y, s —y)dy |

A a S—X
p(3,s) = Y / dxet” / dzet*p(s —x — z,2)p(s —x — z,2)dy .
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Three first nearest-neighbor distributions for a =9/4. N = 701 and

1000 iterations. Red, blue, and blue lines are theoretical predictions.
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25

Three first nearest-neighbor distributions for a = 8/3. N = 701 and
1000 1terations.
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Summary

Lax matrices of integrable classical systems give ensembles of

random matrices with intermediate statistics.

For these ensembles it is possible to calculate exactly the joint
probability of eigenvalues though all ensembles have no

rotational symmetry.

For a large number of ensembles correlation functions of

eigenvalues can be computed analytically.
For all cases eigenfunctions have fractal properties.

The quantization of the pseudo-integrable map corresponds to

Ruijsenaars model.

New perspectives for intermediate statistics.
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