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Abstract

We show how growth processes of Laplacian type can be simulated by
statistical mechanics of 2D Coulomb charges in an external field (the
Dyson gas), which may be thought of as eigenvalues of normal or complex
random matrices. The growing cluster is represented by a domain where
the mean density of the charges does not vanish in the large N limit,
and the physical growth time is identified with a coupling constant of the
external field. The Dyson gas picture applies both to Laplacian growth of
smooth domains in the plane and to the growth of slit domains described
by the Loewner equation. It also provides a key to integrable structure of
the models and gives a unique way of their discretization or 'quantization’
preserving integrability. From this point of view, we discuss growth models
associated to the Toda lattice and KP integrable hierarchies.



Dyson gas = gas of 2D Coulomb particles
(logarithmic potential) in an external field

Statistical weight:

e_ﬁE = exp

Partition function:
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The measure:
® Smooth, with a support in the plane
LW (2,2) 2
du(z,z) = en d<z

® Singular, supported on lines
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Integrability
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IS the tau-function of the Toda lattice hierarchy




Bilinear Hirota equations
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(Toda lattice hierarchy)



The proof is based on the determinant representation
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which Is a manifestation of the
free fermionic structure of the model




Random matrices:

At 3 =1 z; are eigenvalues of normal
(or general complex) random matrices
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(J.Ginibre, 1965; V.Girko, 1985;
L.-L.Chau and O.Zaboronsky, 1998)



Density of particles:
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The mean density: {p(z)}

Normalization:
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Large N limit
N — oo, h— 0, Nh=1t fixed

ZN = /exp (% S({zz})> Hdzzi

The leading contribution comes from the maximum
of S (the equilibrium configuration of the charges)
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The equilibrium condition:
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(for all z such that p(z) #= 0)



Support of eigenvalues:

A domain N cinich that
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The shape of D is a solution of the
Inverse potential problem

Example: W (z) = —|z|? + Re > tr2"
k>0
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Growth of D as N increases = Laplacian growth

'"Time': t=Nh

Laplacian growth <

(Vn(z) = Onp(z) (Darcy law)

Ap(z) = 0 outside D
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©(z) = 0 on the boundary
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p(z) = log|w(z)

w(z) is conformal map from exterior
of D to exterior of unit circle



Conformal maps:
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Integrability in the large N limit:
dispersionless Toda hierarchy (d-Toda)
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Lax equations for the d-Toda hierarchy

Lax equations:
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Notation (Poisson bracket):
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Compatibility of the Lax equations yields the
d-Toda hierarchy, an infinite system of PDE's
In infinitely many variables t; and infinitely many
unknown functions r, u;.

The simplest equation:
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The “dispersionless r-function’ :
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If the measure du in the integral over z; is sup-
ported on a curve, the 'particies’ fill an arc of
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The function z(w) Is a conformal map to a slit domain



Laplacian growth in
the whole plane and
2D Toda hierarchy

Dyson gas

|

Toda

N — 0

—

Laplacian
growth in C

|

d-Toda




Laplacian growth in
the upper half-plane
and KP hierarchy
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The d-KP hierarchy
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where u,u; depend on real parameters

11,175,153, ...
Lax equations
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This gives an infinite system of PDE's (the d-
KP hierarchy) in infinitely many variables T;
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initely many unknown functions

Q)

U — ui(Tla T27 T37 .- )

The simplest equation (Khohlov-Zabolotskaya
equation):
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d-Kp ——=> Conformal maps ?7??

A partial answer (J.Gibbons and S.Tsarev, 1999):

e For a special class of solutions to d-KP
( “finite dimensional reductions’ ), z(p) maps
the upper half plane to the complement of

a growing slit.




Loewner equation

Let z(p) be a solution to Lax equations for d-
KP depending on {T;} through only one func-
tion u = u(Tl, 15,173, .. )

2(p; {T;}) = z(p; u({T5})
Then z(p; u) obeys the (chordal) Loewner equa-
tion
Oz(p) _ 1 0z(p)
ou  p—£&(u) Op
which serves as a consistency condition for the
reduction of the hierarchy.




More general solutions to d-KP
describe growth of ‘fat slits’

They extend the Gibbons-Tsarev picture and
serve as a ‘d-KP version’ of Laplacian growth



Harmonic moments

of a fat slit
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Conformal map z(p) =p——+0(z"°)
obeys the Lax equations of the d-KP hierarchy
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Laplacian growth in the upper half-plane
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Dispersionless tau-function
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Dispersive version
The grand canonical ensemble:
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(for example, dug = e—yQ/ﬁ)
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Limit to slits:
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Integrable Dyson gas
Growth problem hierarchy realization
Canonical
d-Toda ensemble
t — tO, N — 00, TL — O
LG In the plane {tk}7 {t_k}a k>1 N — ¢
r .
d-KP Grand canonical
ensemble
F=11 h — O

LG in the half-plane

{T}, k>2
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